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Abstract—Simulation-based approaches to detecting the non-
equivalence of quantum circuits are efficient since they usually
conclude the result of non-equivalence faster than traditional
methods. However, proving the equivalence of two quantum
circuits remains challenging. As a result, this paper aims at
analyzing simulation-based approaches and uncovering their
potential and limitations in equivalence checking.

I. INTRODUCTION

Quantum computing has demonstrated remarkable
efficiency in tackling specific problems, such as Grover’s
algorithm for unstructured search [6] or Shor’s algorithm
for integer factorization [16]. Notably, major players in
the industry, such as Google, IBM, Intel, and Microsoft,
alongside various startups, are increasingly investing in this
technology. However, the current generation of quantum
devices, operating in the Noisy-Intermediate-Scale-Quantum
(NISQ) era, face significant challenges due to noise and
decoherence effects, emphasizing the imperative for quantum
circuit optimizations. These optimizations, including gate
fusion and cancellation, aim to reduce the overall gate count
and to counter the impact of noise. Moreover, mapping
techniques are evolving to achieve noise-adaptive mappings
by considering the device’s calibration and error data.

The surge in quantum computing research, driven by its
potential, spans both academia and industry. The design
procedures of quantum circuits, including preprocessing
[17][18], compilation [10][14], optimization [5][12], and
verification [1][20], have gotten significant attention. In light
of the current limited accessibility of quantum circuits,
simulation methods using classical computers have been
proposed. Open-source toolkits like IBM’s Qiskit [15]
and Microsoft’s QDK [11] further support this drive
towards making quantum computing more accessible and
understandable.

Various methods for equivalence checking of two quantum
circuits were proposed recently [1][3][4][7][8][9][19][20].
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In this paper, we focus on analyzing the potential and
limitations of simulation-based equivalence checking. In
general, simulation-based approaches often involve combining
two quantum circuits U and V : one (U ) is inverse, and the
other (V ) is kept unchanged, to verify whether the resultant
combined circuit (U−1 · V ) is an identity matrix (I) or not.
Consequently, this problem can be viewed as the Non-Identity
Check problem, which asks whether a given quantum circuit is
far away from the identity or not. When the combined circuit
U−1 · V is equivalent to an identity matrix, the output of the
circuit will precisely match the input stimulus.

In general, there usually appear minor differences between
U and V , resulting in a simplified structure of the combined
quantum circuit U−1 · V . Inspired by this observation, we
present a constrained situation to characterize the structure
of U−1 · V . The constrained situation involves restricting
the elements of the matrix of U−1 · V . This constrained
situation proves the equivalence of two quantum circuits using
significantly fewer stimuli than exhaustive simulation.

II. PRELIMINARIES

The objective of equivalence checking for two quantum
circuits is checking whether they are functionally equivalent,
or functionally non-equivalent with a counterexample. Here, a
counterexample is a stimulus that displays difference of these
two quantum circuits.

Let the matrix representation of two quantum circuits be
U and V . We would like to verify whether U = V . More
precisely, U and V are said to be functionally equivalent up
to a global phase factor eiϕ with satisfying the condition U =
eiϕV , where ϕ ∈ [0, 2π), which is not observable in essence
[13]. Hence, in our work, we ignore the global phase factor
eiϕ for simplicity.

A common method to verifying U = V is to combine the
two quantum circuits U = Uk . . . U1 and V = Vm . . . V1 as
EQ(1).

U−1 · V = U† · V = (Uk . . . U1)
† · (Vm . . . V1)

= (U†
1 . . . U

†
k) · (Vm . . . V1)

(1)

In EQ(1), k and m are the numbers of quantum gates in U and
V , respectively. Moreover, the notation U† ·V is called a miter
in quantum computing. Therefore, U and V are equivalent if
and only if the miter U† · V is equal to I .



(a) A miter passing |ψ1⟩. (b) A miter passing |ψ2⟩. (c) A miter passing |ψ3⟩. (d) A miter passing |ψ0⟩.

Figure 1: The illustration of the binary checking method.

For a simulation-based approach to quantum circuit
equivalence checking, it is usually to prove non-equivalence
of two circuits with a counterexample, which can be modeled
as follows. Given a set of stimuli S = {|ψ1⟩ , . . . , |ψp⟩} and
an n-qubit miter U† · V . For the simulation in EQ(2),

U† · V |ψi⟩ , ∀i ∈ [1, p] (2)

there are two possible outcomes:
1) ∃i ∈ [1, p] s.t. U† · V |ψi⟩ ̸= |ψi⟩
2) ∀i ∈ [1, p] s.t. U† · V |ψi⟩ = |ψi⟩

For the first outcome, we can conclude U ̸= V immediately
because |ψi⟩ is exactly a counterexample for the non-
equivalence. For the second outcome, we can just say U is
equivalent to V with a higher probability, but not confirmed.
However, U and V are still indistinguishable under the vector
space, span(S), where span(S) = {c1 |ψ1⟩ + · · · + cp |ψp⟩ |
c1, . . . , cp ∈ C} is the vector space spanned by S. In the
span(S), the functionalities of U† ·V and I are the same, i.e.,
they both map |ψi⟩ to |ψi⟩, ∀i ∈ [1, p].

III. PROPOSED METHODS

In an n-qubit system, the set S of specially-designed stimuli
in [9] can be formulated as EQ(3),

{
|ψ0⟩ =

√
1

2n

(
2n−1∑
j=0

|j⟩

)}
∪

{
|ψi⟩ =

√
1

2n−1

2i−1−1∑
k=0

2n−i−1∑
j=0

|j + k · 2n−i+1⟩

}n

i=1

(3)

which consists of n+ 1 stimuli only in total.
Unit-Norm Quantum Circuits: In the state-of-the-art [9],

the authors proposed a set of specially-designed stimuli for
detecting non-equivalence of two distinct quantum circuits
efficiently. For two equivalent quantum circuits, however,
they suggest to use other methods [1][2]. Here, we propose
Theorem 1 to show that this set of specially-designed stimuli
is capable of proving equivalence of two constrained quantum
circuits, i.e., determining the miter is an identity matrix.
Theorem 1: When a miter is restricted to containing elements
with norms of either 0 or 1, the miter can be proven to be or
to be not an identity matrix by simulating the set of specially-
designed stimuli in EQ(3).
Proof: Suppose U† · V is the unitary matrix representing the
miter in an n-qubit system, and the matrix is restricted to
containing elements with norms of either 0 or 1.

When we simulate specially-designed stimulus |ψ0⟩ to |ψn⟩
in EQ(3) on U† · V , we will obtain one of two possible
outcomes in EQ(2). If the first outcome occurs, we deduce
U† ·V ̸= I2n . If the second outcome occurs, we can gradually
limit the locations of the elements in U† · V with their norms
being 1 in the diagonal of U† ·V . Because U† ·V is a unitary
matrix, for each element uij in U† · V , it satisfies EQ(4).

Column vector j :
2n−1∑
i=0

|uij |2 = 1, ∀j ∈ [0, 2n − 1]

Row vector i :
2n−1∑
j=0

|uij |2 = 1, ∀i ∈ [0, 2n − 1]

(4)

When |uij | = 1, the elements in the ith row vector and in the
jth column vector are all zeros except for uij itself. Thus, there
is only one element with norm of 1, and the other elements
are all zeros in each row vector or column vector of U† · V .

Figure 1 illustrates that we can gradually determine the
structure of the miter with a 3-qubit system. Figure 1(a)
determines the nonzero elements located in the region of two
black squares; otherwise the miter will not pass |ψ1⟩. Next,
Figure 1(b) and Figure 1(c) determine the rest of the unknown
elements of the miter. Finally, Figure 1(d) concludes that all
the diagonal elements of the miter are exactly 1. As a result,
we conclude that U† · V is an identity matrix when it passes
the set of specially-designed stimuli in EQ(3). ■

Whenever quantum circuits only consist of gates with the
elements of their matrix representations have norms of either
0 or 1 (Pauli gates, Phase shifting gates, CNOT gates and so
on), called Unit-Norm quantum circuits, they can be proven
equivalent passing only the set of specially-designed stimuli in
EQ(3). The number of stimuli in this set is only (n+1) instead
of 2n. In fact, most of the benchmarks in [21] are contained in
the range of Unit-Norm quantum circuits. This implies that our
approach is not only theoretically sound but also practically
valuable for real-world quantum circuit equivalence checking.

IV. CONCLUSION

In this work, we prove that non-exhaustive simulation
can still be used in proving equivalence more efficiently
under a certain constraint. This work sheds light on the
limitations and potentials of simulation-based equivalence
checking in quantum circuit, offering valuable insights for
future investigations.
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